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CR-INVARIANTS FOR SURFACES IN 4-SPACE
JORGE LUIZ DEOLINDO SILVA
Abstract. We establish cross-ratio invariants for surfaces in 4-space in an analogous
way to Uribe-Vargas’s work for surfaces in 3-space. We study the geometric locii
of local and multi-local singularities of ortogonal projections of the surface. The
cross-ratio invariants at P3(c)-points are used to recover two moduli in the 4-jet of
the projective parametrization of the surface and show the stable configurations of
asymptotic curves.
1. Introduction
The study of the differential geometry of immersed surfaces in 4-space has been of
great interest for the past 50 years. In this paper, we study the geometry of a smooth
surface in 4-space (Euclidean, affine or projective) which is associated to its contact
with lines, applying singularity theory techniques to this subject. In this sense, has
been studied by many author: [4, 10, 15, 16, 18, 20]. The contact of a surface with lines
is described by the A-singularities of the family of orthogonal projections to 3-spaces.
(Two germs f and g are said to be A-equivalent and write f ∼A g, if g = k ◦ f ◦h−1 for
some germs of diffeomorphisms h and k of, respectively, the source and target.) When
projecting the surface along an asymptotic direction, at isolated points in the parabolic
set, the singular projection may have a P3(c)-point. The P3(c)-point is a singularity
of an orthogonal projection which is A-equivalent to the germ (x, xy + y3, x2y + cy4)
where c ∈ R with c 6= 0, 1/2, 1, 3/2 is a modulus parameter.
In [5, 18] is observed that the P3(c)-point have a geometric behavior similar to the
cusp of Gauss of a smooth surface in R3. In fact, the equation of asymptotic curves
of a surface in R3 (resp. R4) has fold singularity at a cusp of Gauss (resp. at P3(c)-
point). The cusps of Gauss are studied in [1, 2, 3, 23, 19, 24]. In [24], Uribe-Vargas
introduced a cross-ratio invariant (cr-invariant) at cusps of Gauss using the parabolic,
flecnodal and conodal curves of the surface. If the surface in R3 is given by Monge
form z = f(x, y) at a cusp of Gauss, then the 4-jet of f can be taken in the form
y2
2
− x2y + λx4, λ 6= 0, 1
2
, see [21, 23]. Uribe-Vargas showed that the cr-invariant is
equal to 2λ. The cr-invariant describes also the relative position and configurations of
parabolic, flecnodal and conodal curves on the surface.
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We carry out a similar approach to that in [24] for generic surfaces in 4-space at P3(c)-
points. We obtain the curves of generic local and multi-local singularities of orthogonal
projection at a P3(c)-point. We use the projective classification of 4-jet of the Monge
form of germ of surface M in P4 at P3(c)-point in [10] given by
(x2 + xy2 + αy4, xy + βy3 + φ)
where φ is a polinomial in x, y of degree 4, and by considering the different cross-ratios
of groups of 4 amongst these curves, we obtain some projective invariants (cr-invariants)
of the surface at such a point. We get the following result (see also § 6).
Theorem. Let M be a smooth immersed surface in R4 given by the Monge form as
above at a P3(c)-point. Then the moduli α and β can be written as function of the
cross-ratios invariants (cr-invariants) at P3(c)-point.
In Section 3 we determine the adjacences of the P3(c)-singularity to multi-germs of
Ae-codimension 2 which are responsible for finding the local and multi-local curves at
P3(c)-point on surface. There are several classifications and A-adjacences of germs and
multi-germs of (R2, S) → (R3, 0) (see [14, 25, 17]), however there are not A-adjacence
of P3(c) to multi-germs. In Section 4, we show the existence of three multi-local curves
and two local curves at P3(c)-point, where one of them is obtained from the 2-jet
of the inflections of the asymptotic curves that we call flecnodal curve in Section 5.
The asymptotic curves are given using binary differential equation (BDE) that widely
appear in geometric problems. Finally in Section 6, we introduce the cr-invariant
and as a consequence of main Theorem we establish the stable configurations of these
asymptotic, flecnodal and local curves as well as the relative position of the local and
multi-local curves using the parameters α and β given by the projective classification.
2. Preliminary
We briefly review and establish some notation concerning a smooth surface M in R4.
Several authors have studied the differential geometry of generic surfaces in R4 (see for
example [4, 5, 10, 11, 15, 16, 18, 20]). Let M be a regular surface in the Euclidean
space R4. Consider p ∈ M and an unit circle in TpM parametrized by θ ∈ [0, 2pi].
The curvature ellipse η(θ) in the normal plane NpM , is the image of this unit circle
described by a pair of quadratic forms (Q1, Q2) ([15]). Points on the surface are classified
according to the position of the point p with respect to the ellipse (NpM is viewed as
an affine plane through p). The point p is called elliptic/parabolic/hyperbolic if it is
inside/on/outside the ellipse at p, respectively.
The pair of quadratic forms is the 2-jet of the 1-flat map F : (R2, 0) → (R2, 0) (i.e.
without constant or linear terms) whose graph, in orthogonal coordinates, is locally the
surface M . Using a different approach to the geometry of surfaces in R4 given in [4],
each point on the surface determines a pair of quadratics:
(Q1, Q2) = (ax
2 + 2bxy + cy2, lx2 + 2mxy + ny2).
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Representing a binary form Ax2 + 2Bxy+Cy2 by its coefficients (A : B : C) ∈ RP 2,
there is a cone Γ : B2−AC = 0 representing the perfect squares. If the forms Q1 and Q2
are independent, then they determine a line in the projective plane RP 2 and the cone
a conic. This line meets the conic Γ in 0, 1 or 2 points according as δ(p) < 0,= 0, > 0
where
δ(p) = (an− cl)2 − 4(am− bl)(bn− cm).
A point p is said to be elliptic/parabolic/hyperbolic if δ(p) < 0/ = 0/ > 0. The set of
points in M when δ = 0 is called the parabolic set of M and is denoted by ∆. If Q1 and
Q2 are dependent at a point p, then the point is called inflection point.
There is an action of G = GL(2,R)×GL(2,R) on pairs of binary forms. The G-orbits
are as follow (see for example [12]):
(x2, y2) hyperbolic point
(xy, x2 − y2) elliptic point
(x2, xy) parabolic point
(x2 ± y2, 0) inflection point
(x2, 0) degenerate inflection point
(0, 0) degenerate inflection point
The geometrical characterization of points on M using singularity theory is carried
out in [16] via the family of height functions h : M × S3 → R given by h(p, v) = 〈p, v〉,
where S3 denotes the unit sphere in R4. For v fixed the height function hv(p) =
h(p, v) is singular if and only if v ∈ NpM . It is shown in [16] that elliptic points
are non-degenerate critical points of hv for any v ∈ NpM . At a hyperbolic point,
there are exactly two directions in NpM , labelled binormal directions, such that p is
a degenerate critical point of the corresponding height functions. The two binormal
directions coincide at a parabolic point.
The direction of the kernel of the Hessian of the height functions along a binormal
direction is an asymptotic direction associated to the given binormal direction ([16]).
The asymptotic directions are labelled by conjugate directions in [15], and are defined
as the directions along θ such that the curvature vector η(θ) is tangent to the curvature
ellipse (see also ([11, 16])). So if p is not an inflection point, then there are 2/1/0
asymptotic directions at p depending on p being a hyperbolic/parabolic/elliptic point.
The generic configurations of the asymptotic curves are given in [5].
Asymptotic directions can also be described via the singularities of the projections
of M to hyperplanes (see [4]). The family of projections is given by
P : M × S3 → TS3
(p, v) 7→ (v, p− 〈p, v〉v).
For v fixed, the projection can be viewed locally at a point p ∈ M as a map germ
Pv : (R2, 0) → (R3, 0). If we allow smooth changes of coordinates in the source and
target (i.e. consider the action of group A) then the generic A-singularities of Pv are
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those that have Ae-codimension less than or equal to 3 (which is the dimension of S3).
These are listed in Table 1 (see [17]).
Table 1. The generic local singularities of projections of M to hyperplanes.
Name Normal form Ae-codimension
Immersion (x, y, 0) 0
Cross-cap (x, y2, xy) 0
B±k (x, y
2, x2y ± y2k+1), k = 2, 3 k
S±k (x, y
2, y3 ± xk+1y), k = 1, 2, 3 k
C±k (x, y
2, xy3 ± xky), k = 3 k
Hk (x, xy + y
2k+2, y3), k = 2, 3 k
P3(c) (x, xy + y
3, xy2 + cy4), c 6= 0, 1
2
, 1, 3
2
3∗
∗ The codimension of P3(c) is that of its stratum.
The projection Pv is singular at p if and only if v ∈ TpM . The singularity is a cross-cap
unless v is an asymptotic direction at p. As P has 3-parameters, the Ae-codimension
2 singularities occur generically on curves on the surface and the Ae-codimension 3
ones at special points on these curves (see Figure 1 for their configurations). The H2-
curve coincides with the ∆-set ([4]). The B2-curve of Pv, with v asymptotic, is also the
A3-set of the height function along the binormal direction associated to v ([4]). This
curve meets the ∆-set tangentially at a P3(c)-singularity of projection along the unique
asymptotic direction ([5]) and intersects the S2-curve transversally at a C3-singularity.
At inflection points the ∆-set has a Morse singularity. For more details about inflection
points see [4].
eliptic region
hyperbolic region
B2curve
S2curve
H2curve
P3 H3
B3
S3
D
inflection points 
C3S B11=
el tic region
Figure 1. Curves and special points on M ([16, 18]).
The multi-local singularities of orthogonal projections also give geometric information
of the surface in R4. We determine in Section 3 and Section 4 the local and multi-local
singularities of Ae-codimension 2 of the orthogonal projections that are adjacent to the
P3(c)-singularity.
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In fact, consider a normal form f : (R2, 0)→ (R3, 0) of aAe-codimension 3 singularity
and F : (R2×R3, 0)→ (R3, 0) the Ae-versal deformation of f . The singular set of F is
given by
C(F ) = {(x,v) ∈ R2 × R3|rank(dxF (x,v)) < 2},
where dxF (x,v) is the differentiation of F with respect to x at (x,v).
The family of orthogonal projection P : (M × S3, (0, 0)) → R3 is generically an Ae-
versal deformation of a local singularity of Pv of Ae-codimension 3. If f ∼A Pv and
F and P are an Ae-versal deformation of f and Pv, respectively, then there is a germ
of diffeomorphism such that F ∼A P . Consequently C(F ) is diffeomorphic to C(P ).
Thus the geometric conditions on the singular set C(F ) that describe the local and
multi-local singularities of Ae-codimension 2 (that appear of the adjacency) are sent
by diffeomorphism that ensure the existence of the local and multi-local curves β in a
singular set of C(P ). Hence, the canonical projection pi1 : (M × S3, (0, 0))→ (M, 0) of
β is a curve that represent the local and multi-local singularity of Ae-codimension 2 of
Pv on surface M . In the next section we show some results about adjacency.
3. Adjacency
Let L and K be two A-classes of germs of (R2, 0) → (R3, 0). We say that L is
adjacent to K, denoted by (L→ K), if for all f ∈ L there is a deformation Fu of f such
that Fu ∈ K for some u near to zero. We show the A-adjacencies of the germ P3(c) to
Ae-codimension 2 bi-germs of (R2, {s1, s2})→ (R3, 0).
For the local case, the A-adjacencies are given by Mond ([17], for instance P3(c) →
S2, B2 , H2). Also for the multi-local case, the A-adjancencies are studied in [14, 25].
However, the adjacencies of P3(c) to multi-germs are not considered previously.
The bifurcation diagrams of multi-germs and geometric recognition criteria of multi-
germs are described in [14]. We restrict our study to bi-germs in Table 2 (see Remark
3.1).
Table 2. Bi-germs of Ae-codimension 2 of projection of M to hyperplanes.
Name Normal Form Ae-codimension
[A2] (x, y, 0;X, Y,X
2 + Y 3) 2
(A0S0)2 (x, y, 0;Y
2, XY + Y 5, X) 2
A0S
±
1 (x, y, 0;Y
3 ±X2Y, Y 2, X) 2
A0S0|A±1 (x, y, 0, X,XY, Y 2 ±X2) 2
Geometric criteria:
(a) [A2]: two regular surfaces with tangency of type A2.
(b) (A0S0)2: regular surface transversal to a cross-cap but tangent to the double
points curve at the cross-cap point.
(c) A0S
±
1 : surface with singularity S
±
1 intersecting transversally another regular
surface.
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(d) A0S0|A±1 : regular surface tangent to a cross-cap but transversal to the double
points curve at the cross-cap point.
Remark 3.1. We do not study other multi-germs (R2, S)→ (R3, 0) because P3(c) is not
adjacent to Ae-codimension 2 tri-germs A30|A2 and (A20|A±1 )A0 according to Proposition
3.1 below. Moreover, there are at most triple-point in a versal unfolding of P3(c) (see
[13]). Therefore we do not have adjacencies to Ae-codimension 2 four-germs and five-
germs.
We use the recognition criteria of the singularities S0 and S
±
1 of Saji in [22] for the
bi-germ A0S
±
1 , (A0S0)2 and A0S0|A±1 .
Theorem 3.1. [22] If f : (R2, 0) → (R3, 0) has corank 1 at 0, then there are germs
vector fields ξ and η at the origin such that df0(η0) = 0 and ξ0, η0 ∈ T0R2 are linearly in-
dependent, where ξ0, η0 is the values of the fields at the origin. Set ϕ = det(ξf, ηf, ηηf).
(i) The germ f has an S0-singularity if ξϕ 6= 0.
(ii) If ξϕ = 0, then f is A-equivalent to S−1 at 0 if and only if ϕ has a critical point
at 0 and det(Hessϕ(0)) > 0. On the other hand, f at 0 is A-equivalent to S+1
if and only if ϕ has critical point at 0, det(Hessϕ(0)) < 0 and the vectors ξf(0)
and ηηf(0) are linearly independent.
Proposition 3.1. The singularity P3(c) is adjacent to the bi-germ A0S
±
1 , (A0S0)2 and
A0S0|A±1 .
Proof : Consider the Ae-versal deformation of P3(c) given by
F (x, y, u) = (x, xy + y3 + ay, xy2 + cy4 + by + dy3),
with c 6= 0, 1/2, 1, 3/2 and u = (a, b, c, d). The singularity A0S±1 appears in the family
F if and only if
(i) F (x1, y1, u) = F (x2, y2, u) for (x1, y1) 6= (x2, y2) and
(ii) (x2, y2) is a point of type S1.
Using Theorem 3.1, we consider
ϕ =
1 y y2
0 x+ 3y2 + a 2xy + 4cy3 + b+ 3dy2
0 6y 2x+ 12cy2 + 6dy
.
Then
∂ϕ
∂x
(x, y) = 4x+ 12cy2 + 6dy − 6y2 + 2a. Thus, at (x2, y2), ∂ϕ
∂x
(x2, y2) gives
(1) 4x2 + 12cy
2
2 + 6dy2 − 6y22 + 2a = 0.
As (x2, y2) is a singular point, so a = −x2 − 3y22 and b = −(2x2y2 + 4cy32 + 3dy22).
Substituting in (1) we obtain
x2 = −6cy22 − 3dy2 + 6y22.
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Substituting the expressions of a, b and x2 in F (x1, y1, u) = F (x2, y2, u) we have: x1 = x2;−(2y2 + y1)(y2 − y1)2 = 0⇒ y1 = −2y2;27y32(cy2 + 2y2 + d) = 0⇒ d = (−c+ 2)y2.
Therefore by substituting d in the expressions of b and x2 we obtain a curve
{(−3cy22,−2y2, (3c− 3)y22, (5c− 6)y32, (−c+ 2)y2) | y2 ∈ R}
in (R2 × R3, 0). The projection of the above curve by pi : (R2 × R3, 0)→ (R2, 0) is the
curve (−3cy22,−2y2) and gives the locus of the A0S±1 -singularity at the P3(c)-singularity.
The calculations to (A0S0)2 are similarly obtained. The conditions for bi-local sin-
gularity (A0S0)2 are as following:
(i) F (x1, y1, u) = F (x2, y2, u) for (x1, y1) 6= (x2, y2);
(ii) The point (x2, y2) is a cross-cap;
(iii) The limiting tangent vector to the double points curve of the cross-cap belongs
to tangent space of the image of Fu at the point (x1, y1).
We obtain the parametrized curve by
{(−3cy22,−2y2, (3c− 3)y22 + · · · , (14c− 6)y32 + · · · , (−4c+ 2)y2 + · · · ) | y2 ∈ R}
in (R2 × R3, 0). The projection of the above curve by pi : (R2 × R3, 0) → (R2, 0) is
the curve (−3cy22,−2y2) and gives the locus of the (A0S0)2-singularity at the P3(c)-
singularity.
The conditions for bi-local singularity A0S0|A±1 are:
(i) F (x1, y1, u) = F (x2, y2, u) for (x1, y1) 6= (y2, y2);
(ii) The point (x2, y2) is a cross-cap;
(iii) The tangent vector of the cross-cap belongs to tangent space of image of Fu at
point (x1, y1).
We obtain the parametrized curve by
{(−3cy22,−2y2, (3c− 3)y22, (−4c+ 3)y32, (2c− 1)y2) | y2 ∈ R}
in (R2 × R3, 0). The projection of the above curve by pi : (R2 × R3, 0) → (R2, 0) is
the curve (−3cy22,−2y2) and gives the locus of the A0S0|A±1 -singularity at the P3(c)-
singularity. 
4. The family of orthogonal projections
In this section, we show the existence of generic curves on the surface M given
by local and multi-local singularities of ortogonal projections at P3(c)-point. We next
establish some notation that will be used throughout the paper. Consider the family
of orthogonal projections in R4 given by P : R4 × S3 → TS3 and fixed u a directions.
The map Pu has singularity worse than a cross-cap, when u is a asymptotic direc-
tion. Moreover, at hyperbolic (parabolic) points we have two (one resp.) asymptotic
directions.
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We choose local coordinates at p so that the surface is given in Monge form
(x, y, f 1(x, y), f 2(x, y))
where (j1f 1(0, 0), j1f 2(0, 0)) = (0, 0). We denote by (X, Y, Z,W ) the coordinates in
R4 and we fix u = (0, 1, 0, 0) as an asymptotic direction at the origin. We parametrize
the directions near u¯ by (u, 1, v, w). Instead of the orthogonal projection to the plane
(u, 1, v, w)⊥, we project to the fix plane (X,Z,W ). The modified family of projections
is given by
P : (R2 × R3, 0) → (R3, 0)
((x, y), (u, v, w)) 7→ Pu = (x− uy, f 1(x, y)− vy, f 2(x, y)− wy),
with P0(x, y) = (x, f
1(x, y), f 2(x, y)). The P3(c)-singularity occurs at parabolic points.
In this cases we can take
f 1(x, y) = x2 +
∑3
i=0 a3ix
3−iyi +
∑4
i=0 a4ix
4−iyi +
∑5
i=0 a5ix
5−iyi + o5(x, y)
f 2(x, y) = xy +
∑3
i=0 b3ix
3−iyi +
∑4
i=0 b4ix
4−iyi +
∑5
i=0 b5ix
5−iyi + o5(x, y).
Proposition 4.1. With the above notation, the conditions for the projection P0 to have
a P3(c)-singularity are
a33 = 0, b33a32a44 6= 0 and a44
b33a32
6= 0, 1
2
, 1,
3
2
.
The P3(c)-singularity is versally unfolded by family of the orthogonal projections P if
and only if 5a32b33 − 6b233 − 4a44 6= 0.
Proof : The proof follows by standard singularity theory calculations and is omitted.

Consider the parabolic curve ∆ given by δ = 0 (see § 2), where
δ = (an− cl)2 − 4(am− bl)(bn− cm).
The 2-jet of the coefficients of a, b, c, l,m and n are given as following
a = 1
2
f 1xx = 1 + 3a30x+ a31y + 6a40x
2 + 3a41xy + a42y
2,
b = 1
2
f 1xy = a31x+ a32y +
3
2
a41x
2 + 2a42xy +
3
2
a43y
2,
c = 1
2
f 1yy = a32x+ 3a33y + a42x
2 + 3a43xy + 6a44y
2,
l = 1
2
f 2xx = 3b30x+ b31y + 6b40x
2 + 3b41xy + b42y
2,
m = 1
2
f 2xy =
1
2
+ b31x+ b32y +
3
2
b41x
2 + 2b42xy +
3
2
b43y
2,
n = 1
2
f 2yy = b32x+ 3b33y + b42x
2 + 3b43xy + 6b44y
2,
so that
j2δ(x, y) = a32x+ 3a33y +
(
b232 − 2a31b32 + 2a32b31 + a42 + (2b31 + 3a30)a32
)
x2
+
(
6b33b32 − 6a31b33 + 6a33b31 + 3a43 + (b32 + a31)a32 + (6b31 + 9a30)a33
)
xy
+3
(
3b233 − 2a32b33 + 2a33b32 + 2a44 + (2b32 + a31)a33
)
y2.
The point at surface M when the projection P0 have a P3(c)-singularity is called
P3(c)-point. Thus, we have the following result.
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Proposition 4.2. If the origin is a P3(c)-point, then the parabolic curve can be parametrized
by (6a32b33 − 9b233 − 6a44
a32
y2 + o2(y), y
)
.
Proof : The P3(c)-point is on the parabolic curve if and only if a33 = 0 and a32 6= 0.
The result follows by applying the implicit function theorem. 
Remark 4.1. The unique asymptotic direction at points on the parabolic curve is
transversal to this curve, except at P3(c)-point ([5]).
At a P3(c)-point we have the following result.
Theorem 4.1. Assume the origin is a P3(c)-point. Then:
(1) the set of B2-singularities of some orthogonal projection Pu on M is a smooth
curve, which we call B2-curve and can be parametrized by(
2(3a332b33 − 4a232b233 − 3a44a232 − 8a44a32b33 + 12a44b233 + 8a244)
a32(a32 − 2b33)2 y
2 + o2(y), y
)
.
(2) the set of S2-singularities of some orthogonal projection Pu on M is a smooth
curve, which we call S2-curve and can be parametrized by(
6(a332b33 + 48a
2
32b
2
33 − 72a32b333 − a44a232 − 72a44a32b33 + 36a44b233 + 24a244)
a32(a32 + 6b33)2
y2 + o2(y), y
)
.
(3) the set of A0S
±
1 -singularities of some orthogonal projection Pu on M is a smooth
curve, which we call A0S
±
1 -curve and can be parametrized by(
3a232b
2
33 − 4a32a44b33 + 3a44b233 + 2a244
a32(4a32b33 − 4b233 − 3a44)
y2 + o2(y), y
)
.
(4) the set of (A0S0)2-singularities of some orthogonal projection Pu on M is a
smooth curve, which we call (A0S0)2-curve and can be parametrized by(12a32b33 − 9b233 − 6a44
a32
y2 + o2(y), y
)
.
(5) the set of A0S0|A±1 -singularities of some orthogonal projection Pu on M is a
smooth curve, which we call A0S0|A±1 -curve and can be parametrized by(
3a232b
2
33 − 16a32a44b33 + 12a44b233 + 8a244
4(a32b33 − b233 − a44)a32
y2 + o2(y), y
)
.
All the above curves are tangents to parabolic curve at the P3(c)-point, and have gener-
ically contact order 2 at the origin.
Proof : At a parabolic point we can take (Q1, Q2) = (x
2, xy). As the origin is P3(c)-
point we can take the projection P0 with the conditions of the Proposition 4.1. This
singularity is versally unfolded by family of orthogonal projection
P (x, y,u) = (x− uy, f 1(x, y)− vy, f 2(x, y)− wy),
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if and only if 5a32b33−6b233−4a44 6= 0. To simplify the calculation, we use the following
change of coordinates: (x, y) 7→ (x¯ + uy¯, y¯) and revert to the original notation. Then,
we can take the projection in the form
Pu = (x, f
1(x+ uy, y)− vy, f 2(x+ uy, y)− wy).
We write (g1, g2, g3) = (x, f 1(x+uy, y)−vy, f 2(x+uy, y)−wy). Assume that the point
(x1, y1) is a singular point of Pu. Thus,
w = x1 + b31x
2
1 + 2b32x1y1 + 3b33y
2
1 + 2y1u+ o2(x1, y1, u)
v = a31x
2
1 + 2a32x1y1 + 2ux1 + o2(x1, y1, u).
1. As (x1, y1) is a singularity more degenerate than a cross-cap then, by Theorem
3.1,
x1 =
6(a32b33 − a44)
a32
y21 −
(a32 − 6b33)
a32
y1u+
1
a32
u2 + o2(y1, u).
The B2-singularity occurs at (x1, y1) if −g2yyyg3yy + g2yyg3yyy = 0. Using x1 in the last
expression we get
12(u+ 3b33y1)(2ub33 + 2b33a32y1 − 4a44y1 − a32u) + o2(y1, u) = 0.
By the implicit function theorem we have u = 2(−2a44+a32b33)
a32−2b33 y1 + o2(y1). Hence, we
obtain
x1 =
2(2a332b33 − 2a232b233 − a44a232 − 12a44a32b33 + 12a44b233 + 8a244)
a32(a32 − 2b33)2 y
2
1 + o2(y1)
a smooth curve and gives the locus of the B2-singularity at the P3(c)-point on M . Using
change of coordinate (x¯, y¯) 7→ (x− uy, y) we have the desired curve on M .
2. Consider x1 as in statement 1. The S2-singularity occurs at (x1, y1) if
−g2xxy(g3yy)3 + 2g3xy(g3yy)2g2xyy − 2g3xyg3yyg2yyg3xyy + g2yyg3xxy(g3yy)2−
−(g3xy)2g2yyyg3yy + (g3xy)2g2yyg3yyy = 0.
Thus substituting x1 in the above expression we obtain
4(u+ 3b33y1)(6ub33 + 18b33a32y1 − 12a44y1 + a32u) + o3(y1, u) = 0.
By the implicit function theorem we have u = 6y1(−2a44+3a32b33)
a32+6b33
+ o2(y1). Hence,
x1 =
6(a332b33 + 48a
2
32b
2
33 − 72a32b333 − a44a232 − 72a44a32b33 + 36a44b233 + 24a244)
a32(a32 + 6b33)2
y21 + o2(y1).
Using the change of coordinate (x¯, y¯) 7→ (x − uy, y) we obtain a smooth curve and
gives the locus of the S2-singularity at the P3(c)-point on M .
3. By Proposition 3.1 and Theorem 3.1 the A0S
±
1 -singularity occurs if:
(i) Pu(x1, y1, u) = Pu(x2, y2, u) for (x1, y1) 6= (x2, y2) and
(ii) (x1, y1) is a point of type S1, in Theorem 3.1 we have
∂
∂x
det(dxPu, dyPu, dyyPu) = 0.
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Again we can take x1 as in statement 1. On the other hand, using the expressions of
w, v and x1 in Pu(x1, y1, u) = Pu(x2, y2, u) and the implicit function theorem
x2 = x1,
u = −2b33y1 − b33y2 + o2(x1, y1, y2)
y2 = −4a32b33 − 4b
2
33 − 3a44
a32b33 − 2b233 − a44
y1 + o2(y1).
Hence, substituting recursively y1 we obtain a smooth curve on M × S3 given by the
expression of x2, y2, u, v, and w. Take the initial change of coordinates (x¯, y¯) 7→
(x − uy, y) and project this curve by pi1 : M × S3 → M , we have the desired smooth
curve that gives the locus of the A0S
±
1 -singularity at the P3(c)-point on M .
4. By Proposition 3.1 we have the conditions of the bi-germ (A0S0)2:
(i) F (x1, y1, u) = F (x2, y2, u) for (x1, y1) 6= (x2, y2);
(ii) The point (x1, y1) is a cross-cap;
(iii) The limiting tangent vector to the double points curve of the cross-cap belongs
to tangent space to the image of Fu at point (x2, y2).
The item (ii) determines v and w as already described above. Following the similar
computations as in item 3 we obtain a smooth curve on M × S3. Take the initial
change of coordinates (x¯, y¯) 7→ (x− uy, y) and project this curve by pi1 : M ×S3 →M ,
we have a smooth curve that gives the locus of the (A0S0)2-singularity at the P3(c)-point
on M .
5. The Proposition 3.1 A0S0|A±1 -singularity occurs if:
(i) F (x1, y1, u) = F (x2, y2, u) for (x1, y1) 6= (y2, y2);
(ii) The point (x1, y1) is a cross-cap;
(iii) The tangent vector of the cross-cap belongs to the tangent space of image of Fu
at point (x2, y2).
In a similar way as in item 3 we obtain a smooth curve on M . Finally, by Proposition
4.2 and items 1, 2, 3, 4 and 5 we can prove that all curves are tangent to parabolic
curve at P3(c)-point generically with contact order 2 at the origin. (See Figure 2). 
P (c)
3
B
1
S
1
=
B -curve
2
(A  
0
S 
0
) 
2
 A  
0
S 
1 A  
0
S 
0 1
| A  
+-
parabolic curve
hyperbolic
elliptic
S 
2
F l
Figure 2. Local and multi-local curves tangent to parabolic curve at
the P3(c)-point. (The relative position of these curves are given in § 6).
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5. The BDE on surfaces in R4
Consider a surface M given by Monge form with 2-jet of (f 1, f 2) given by (Q1, Q2) =
(ax2+2bxy+cy2, lx2+2mxy+ny2). The asymptotic directions form a field of directions
on M and their integral curves are called asymptotic curves. The asymptotic curves of
the surface are the solutions of the BDEs using the coefficients of (Q1, Q2).
Precisely, the asymptotic curves are solutions of the BDE
(2) (bn− cm)p2 + (an− cl)p+ (am− bl) = 0,
where p = dy/dx. The discriminant curve of the BDE is given by the zeros of the
function
δ = (an− cl)2 − 4(am− bl)(bn− cm)
and coincides with the parabolic set ∆ of M .
To study the configurations of asymptotic curves we need some results on BDEs.
Consider the BDE
(3) Ω(x, y, p) = A(x, y)dy2 + 2B(x, y)dxdy + C(x, y)dx2 = 0.
The set δ = 0, where δ = B2 − AC, is the discriminant curve of BDE at which the
integral curves generically have cusps. Equation (3) defines two directions in the plane
when δ > 0. These directions lifts to a single valued field ξ onM = Ω−1(0). A suitable
lifted field ξ (see [9]) is given by Ωp∂y + pΩp∂x− (Ωy + pΩx)∂p.
One can separate BDE into two types. The first case occurs when the functions
A,B,C do not all vanish at the origin. Then the BDE is just an implicit differential
equation (IDE). The second case is that all the coefficients of BDE vanish at the ori-
gin. Stable topological models of the BDEs belong to the first case; it arises when the
discriminant is smooth (or empty). If the unique direction at any point of the discrim-
inant is transverse to it, then the BDE is smoothly equivalent to dx2 + ydy2 = 0, ([7],
[8]). If the unique direction is tangent to the discriminant, then the BDE is stable and
smoothly equivalent to dx2 +(−x+λy2)dy2 = 0 with λ 6= 0, 1
16
, ([9]); the corresponding
point in the plane is called a folded singularity – more precisely, a folded saddle if λ < 0,
a folded node if 0 < λ < 1
16
and a folded focus if 1
16
< λ, (see Figure 3 and [9]).
A solution curve has an inflection at the projection of points when Ω = Ωy+pΩx = 0.
There is a smooth curve of such points tangent to the discriminant curve at folded
singularities ([6]).
Figure 3. A folded saddle (left), node (center) and focus (right).
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For surfaces in R4 away from inflection points, the asymptotic curves are generically
a family of cusps at ordinary parabolic points and have a folded singularity at a P3(c)-
point of projection Pu (see [5] and Figure 3).
When the origin is an inflection point the BDE of the asymptotic curves is of type
2, i.e. all its coefficients vanish at the origin (for more detail see [11] and [5]).
Proposition 5.1. With the conditions of Theorem 4.1, the 2-jet of the inflections of
the asymptotic curves at a P3(c)-point is given by(
6(−a44 + a32b33)(−36b233 + 24a32b33 + a232 − 24a44)
a32(−6b33 + a32)2 y
2, y
)
.
Proof : The equation F (x, y, p) = (am− bl)p2 + (an− cl)p+ (bn− cm) = 0 leads to
−1
2
a32x+ (−12a42 + a31b32 − a32b31)x2 + (3a31b33 − 32a43)xy+
b32px+ (−3a44 + 3a32b33)y2 + 3b33yp+ 12p2 + o2(x, y, p) = 0.
Then we can write implicitly
x =
6(−a44 + a32b33)
a32
y2 + 6b33a32yp+
1
a32
p2 + o2(y, p).
Substituting the expression of x in 2-jet of the Fy + pFx = 0 we obtain(
6a32b33 − 6a44
)
y +
(
3b33 − 1
2
a32
)
p+
(18a31b33 − 9a43)(a32b33 − a44)
a32
y2+((18a31b33 − 9a43)b33
a32
+ 3a31b33 − 3
2
a43
)
py +
(6a31b33 − 3a43
2a32
+ b32
)
p2 = 0
Again, solving implicitly we get
p =
12(−a44 + a32b33)
(−6b33 + a32) y + o2(y).
After substituting of p in x we obtain the 2-jet of the curve of inflections of asymptotic
curves. 
The set of inflection points of the asymptotic curves, we called by flecnodal curve. As
a consequence of the Proposition 5.1 the flecnodal curve is tangent to parabolic curve
at the P3(c)-point (see the yellow curve on Figure 2).
6. Cross-ratio invariants at a P3(c)-point
The P3(c)-points have similar behavior to cusps of Gauss of surfaces in R3. In fact,
the asymptotic curves of a surface in R3 (resp. R4) has fold singularity at a cusp of
Gauss (resp. at P3(c)-point).
By projective classification in [10], the 4-jet of a parametrization of a surface M in
Monge form (z, w) = (f1(x, y), f2(x, y)) at a P3(c)-point is equivalent, by projective
transformations, to
(4) (z, w) = (x2 + xy2 + αy4, xy + βy3 + φ),
14 J. L. DEOLINDO SILVA
where 6β2 + 4α− 15β + 5 6= 0, α 6= 0, 1/2, 1, 3/2 and φ is a polinomial in x, y of degree
4.
This allows to recalculate the expressions of the curves local and multi-local singu-
larities at the P3(c)-point.
Proposition 6.1. With notation as above and for the surface with 4-jet as in (4), we
have the following curves passing through the P3(c)-point:
(a) The parabolic curve, denoted by ∆-curve, is a smooth curve given by
x = cPy
2 + o2(y),
with cP = 3(−3β2 − 2α + 2β).
(b) The B2-curve is a smooth curve given by
x = cBy
2 + o2(y),
with cB =
2(12αβ2 + 8α2 − 8αβ − 4β2 − 3α + 3β)
(2β − 1)2 .
(c) The S2-curve is a smooth curve given by
x = cSy
2 + o2(y),
with cS =
6(36αβ2 − 72β3 + 24α2 − 72αβ + 66β2 − α + β)
(6β + 1)2
.
(d) The flecnodal curve, denoted by Fl-curve, is a smooth curve given by
x = cFy
2 + o2(y),
with cF =
6(−36β2 + 24β + 1− 24α)(−α + β)
(−6β + 1)2 .
(e) The (A0S0)2-curve is a smooth curve given by
x = cs02y
2 + o2(y),
with cs02 = 3(−3β2 − 2α + 4β).
(f) The A0S1-curve, is a smooth curve given by
x = cs1y
2 + o2(y),
with cs1 = −
3αβ2 + 2α2 − 4αβ + 3β2
−4β2 − 3α + 4β .
(g) The A0S0|A1-curve, is a smooth curve given by
x = cs01y
2 + o2(y),
with cs01 =
1
4
(3β2 − 16αβ + 8α2 + 12αβ2)
−β2 − α + β .
Proof : All the singularities are projective invariants, then we can consider representing
M locally as a surface M¯ in P4 given in affine chart {[x : y : z : w : 1]} in Monge form
[x : y : f 1(x, y) : f 2(x, y) : 1]. We can take (f 1, f 2) in normal form (4) and use the
equations of the curves in Theorem 4.1 and Proposition 5.1 with a32 = 1, a44 = α e
b33 = β. 
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Let PT ∗M be the projective cotangent bundle with the canonical contact structure.
Take an affine chart and identify PT ∗M with R3 in coordinates (x, y, p), where the
contact structure is given by dy − pdx. Consider a curve γ in M . Its the Legendrian
lift in PT ∗M is the curve (γ(t),
[
dy
dx
]
).
We denote the tangent lines to the Legendrian lifts of the curves ∆, B2, S2, Fl,
(A0S0)2, A0S1 and A0S0|A±1 in PT ∗M at P3(c)-point by lP , lB, lS, lF , ls02 , ls1 , and
ls01 , respectively. Also by lg we mean the element of contact of the P3(c)-point (the
vertical line in the contact plane at the P3(c)-point). By Proposition 6.1, all theses
lines belong to the contact plane at the P3(c)-point and we write the 2-jets of the
curves above as y = cPx
2, y = cBx
2, y = cSx
2, y = cFx
2, y = cs02x
2, y = cs1x
2,
y = cs01x
2 and y = cgx
2, respectively.
Recall that the cross-ratio of four coplanes concorrent lines li, i = 1, . . . , 4 with
respective gradients ci, i = 1, . . . , 4 is given by
(l1, l2 : l3, l4) =
c3 − c1
c3 − c2 ·
c4 − c2
c4 − c1 .
Observe that if l2 is vertical, then
(l1, l2 : l3, l4) =
c3 − c1
c4 − c1 .
Remark 6.1. For a surface in R3, Uribe-Vargas introduce in [24] the cr-invariant of
the surface at a cusp of Gauss. The main idea is to use the parabolic curve, the conodal
curve (curve of the multi-local singularity A1A1 of the height function) and the flecnodal
curve. Such curves are tangent at cusps of Gauss. Uribe-Vargas lifted theses curves to
the projective cotangent bundle of M . The tangents lines and one more vertical line
(the fiber of p) belongs to the same plane and their cross-ratio is the cr-invariant. In
our case, we have a wide choice of curves at a P3(c)-point that can be used to obtain
cross-ratios.
Definition 6.1. The cr-invariants ρ at a P3(c)-point of a surface in R4 are defined as
the cross-ratios of any four of the tangent lines of the Legendrian lifts of the curves in
Proposition 6.1.
Theorem 6.1. Let M be a surface in P4 given locally by Monge form (f 1, f 2) with the
P3(c)-point being the origin. Then there are three cr-invariants ρ1, ρ2 and ρ3 that allow
can be used to recover the projective invariants α and β of the normal form (4). We
then have
β =
ρ1 − 1
3(2ρ1 − 1) ,
α =
(80ρ2ρ1 − 32ρ2 + 20ρ3ρ1 − 8ρ3 + 42ρ1 − 21)(ρ1 − 1)
9(3ρ3 + 1 + 12ρ2)(2ρ1 − 1)2 ,
where ρ1 = (lP , lB : lS, lF ), ρ2 = (lP , lg : ls01 , ls02) and ρ3 = (lP , lg : ls1 , ls02).
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Proof : Consider the cross-ratio ρ1 = (lP , lB : lS, lF ) which is given by
β =
ρ1 − 1
3(2ρ1 − 1) .
Therefore with the local singularities we can get the projective invariant β. Consider
the cr-invariants ρ2 = (lP , lg : ls01 , ls02) =
1
24
21β2−32βα+48αβ2+16α2−60β3+36β4
β(−β+β2+α) and ρ3 =
(lP , lg : ls1 , ls02) =
1
6
16α2−38βα+48αβ2+21β2−60β3+36β4
β(3α−4β+4β2) . We obtain the following equations{ −16α2 + (18ρ2β − 48β2 + 38β)α− 36β4 − 24ρ2β2 + 24ρ2β3 + 60β3 − 21β2 = 0
16α2 + (72ρ3β + 48β
2 − 32β)α + 36β4 − 96ρ3β2 + 96ρ3β3 − 21β2 − 60β3 = 0.
Adding the two equations gives
(18ρ2β + 6β + 72ρ3β)α− 24ρ2β2 + 24ρ2β3 − 42β2 − 96ρ3β2 + 96ρ3β3 = 0.
Substituting β by its expression gives
α =
(80ρ2ρ1 − 32ρ2 + 20ρ3ρ1 − 8ρ3 + 42ρ1 − 21)(ρ1 − 1)
9(3ρ3 + 1 + 12ρ2)(2ρ1 − 1)2 .

We consider now the folded singularity of asymptotic curves at a P3(c)-point and
determine their types in term of the parameters α and β in (4).
Theorem 6.2. Suppose that M is given as in (4) at a P3(c)-point. The asymptotic
curves have a folded singularity if −6β2 − 4α + 5β 6= 0, 1
24
. The singularity is a folded
saddle if −6β2 − 4α + 5β < 0, a folded node if 0 < −6β2 − 4α + 5β < 1
24
and a folded
focus if −6β2 − 4α + 5β > 1
24
.
Proof : Denote by Ω(x, y, p) = 0 the BDE of asymptotic curves given by (2) then
j2Ω(x, y, p) =
1
2
p2 + 3βyp+ (−1
2
x+ (−3α + 3β)y2).
The linear part of the projection to plane (y, p) of the lifted field ξ associated to Ω is
(3βy + p)
∂
∂y
+
(
6(α− β) + (1
2
− 3β)p
) ∂
∂p
.
The eigenvalues of the matrix associated to the above linear vector are
1
2
±
√
1
16
− (−9β2 − 6α + 15
2
β),
and the result follow. Figure 3 shows the configuration of asymptotic curves at a folded
singularity. 
Remark 6.2. If −6β2 − 4α + 5β = 0 the family of the orthogonal projection is not
a versal unfolding of the P3(c)-point, i.e., this case is non-generic. Also, if −6β2 −
4α + 5β = 0, 1
24
, in a generic one-parameter family of surfaces, the asymptotic curves
undergo some bifurcations (see, for example, [5]).
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The Proposition 6.1 shows that the 2-jets of the curves of local and multi-local sin-
gularity of Pu at a P3(c)-point are projectively invariants and they depend only on α
and β. As the generic relative position of these curves at a P3(c)-point is determined
by 2-jets of these curves, we can determine these position in terms of α and β. The
relative positions of the curves ∆, B2, S2 and Fl in terms of α and β are as follows.
Theorem 6.3. With above notation, there are 4 possible relative positions of the curves
∆, B2, S2, Fl:
(i) If β < 0, then cP < cB < cF < cS
(ii) If 0 < β < 1/6, then cP < cB < cS < cF
(iii) If 1/6 < β < 1/3, then cP < cS < cB < cF
(iv) If β > 1/3, then cP < cS < cF < cB.
Proof : Consider the coefficients cP , cB, cS and cF as in Proposition 6.1. We have
cP − cB = −(4α + 6β
2 − 5β)2
(2β − 1)2 < 0, for any value of α and β;
cP − cS = −9(4α + 6β
2 − 5β)2
(1 + 6β)2
< 0, for any value of α and β;
cP − cF = −9(4α + 6β
2 − 5β)2
(6β − 1)2 < 0, for any value of α and β,
where 4α+6β2−5β 6= 0 is the condition for the Ae-versality at the P3(c)-point (Propo-
sition 4.1). Furthermore,
cB − cS = 8(6β − 1)(4α + 6β
2 − 5β)2
(2β − 1)2(1 + 6β)2 .
So, cB > cS if and only if β > 1/6. We have
cB − cF = 8(3β − 1)(4α + 6β
2 − 5β)2
(2β − 1)2(1 + 6β)2 ,
thus, cB > cF if and only if β > 1/3. Also one can prove that
cS − cF = −216β(4α + 6β
2 − 5β)2
(6β − 1)2(1 + 6β)2 .
Therefore, cS > cF if and only if β < 0. 
The relative positions of the multi-local curves and parabolic curve at P3(c)-point is
mention in next Theorem.
Theorem 6.4. With notation as above, there are 22 possibilities for the relative po-
sitions of the curves ∆, (A0S0)2, A0S1, A0S0|A±1 . Each region in the (α, β)-plane in
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Figure 4. Partition of the (α, β)-plane into region with a given relative
position of the curves of multi-local singularities together with ∆ at a
P3(c)-point.
Figure 4 is determined by the following conditions:
1 : cP < cs02 < cs01 < cs1 12 : cP < cs02 < cs1 < cs01
2 : cs02 < cP < cs01 < cs1 13 : cP < cs1 < cs01 < cs02
3 : cs02 < cP < cs1 < cs01 14 : cP < cs01 < cs02 < cs1
4 : cs02 < cs01 < cs1 < cP 15 : cs01 < cP < cs02 < cs1
5 : cs1 < cs01 < cs02 < cP 16 : cP < cs1 < cs02 < cs01
6 : cs1 < cs01 < cP < cs02 17 : cs01 < cs1 < cP < cs02
7 : cs1 < cP < cs01 < cs02 18 : cP < cs01 < cs1 < cs02
8 : cP < cs1 < cs01 < cs02 19 : cP < cs01 < cs1 < cs02
9 : cP < cs02 < cs01 < cs1 20 : cs01 < cP < cs1 < cs02
10 : cP < cs1 < cs01 < cs02 21 : cs01 < cs02 < cs1 < cP
11 : cP < cs01 < cs02 < cs1 22 : cs02 < cs01 < cP < cs1 .
The curves γi, i = 1, . . . , 6 in Figure 4 are given by

γ1 : β = 0,
γ2 : 48β
2α− 60β3 + 36β4 − 38βα + 21β2 + 16α2 = 0,
γ3 : −60β3 + 36β4 + 48β2α + 21β2 − 32βα + 16α2 = 0,
γ4 : 4α + 6β
2 − 5β = 0,
γ5 : 4α + 6β
2 − 9β = 0,
γ6 : α = 0.
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Proof : It follows from Proposition 6.1 that
cP − cs02 = −6β,
cP − cs1 = −
48β2α− 60β3 + 36β4 − 38βα + 21β2 + 16α2
3α− 4β + 4β2 ,
cP − cs01 = −
−60β3 + 36β4 + 48β2α + 21β2 − 32βα + 16α2
4(−β + β2 + α) ,
cs02 − cs1 = −
(4α + 6β2 − 9β)(4α + 6β2 − 5β)
3α− 4β + 4β2 ,
cs02 − cs01 = −
(4α + 6β2 − 9β)(4α + 6β2 − 5β)
4(−β + β2 + α) ,
cs1 − cs01 =
α(4α + 6β2 − 9β)(4α + 6β2 − 5β)
4(3α− 4β + 4β2)(−β + β2 + α) .
The curves described in Figure 4 are given by the vanishing of the above differences
(they give the locii of point in the (α, β)-plane where the relevant curves have contact
greater than 2). 
Now we present the configurations of the curves of the local singularities that pass
through the P3(c)-point in relation to the parabolic curve.
Theorem 6.5. The configurations of curves ∆ and B2 (resp. ∆ and S2, and ∆ and
the flecnodal curve) at the P3(c)-point are as shows in Figure 5, (resp 6 and 7).
Proof : Consider the 2-jets of the parametrizations of the curves ∆, B2, S2 and of
the flecnodal curve and coefficients cP , cB, cS and cF as Proposition 6.1. The generic
configurations of the curves occur when we avoid that cP = cB = cS = cF = 0. We
have 3 cases:
(a) Configurations of the curves ∆ and B2:
The vanishing of cP and cB give algebraic curves (see Figure 5). The curve
cB = 0 have a singularity when α = 1/4 and β = 1/2. Furthermore, the
intersection of the curves occurs in a neighborhood of the origin. The generic
configurations of the curves occur when cP and cB are different from zero, i.e.,
in regions represented by numbers 1, 2, 3, 4, 5 and 6 in Figure 5.
(b) Configurations of the curves ∆ and S2:
The vanishing of cP and cS give algebraic curves (see Figure 6). The curve
cS = 0 have 3 singularities when (α, β) = (1/4,−1/6), (−79−17
√
17
96
, −5−
√
17
12
),
(−79+17
√
17
96
, −5+
√
17
12
). Furthermore, the intersection of the curves occur in a neigh-
borhood of the origin. The generic configurations of the curves occur when cP
e cS are different from zero, i.e., in regions represented by numbers 1, 2, 3, 4, 5
and 6 in Figure 6.
(c) Configurations of the curves ∆ and flecnodal:
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The vanishing of cP and cF give algebraic curves (see Figure 7). The curve
cF = 0 have 3 singularities when (α, β) = (1/48, 0), (
1
6
, 1
6
), (−1
6
,−1
6
). Further-
more, the intersection of the curves occurs only at neighborhood of the origin.
The generic configurations of the curves occur when cP and cF are different from
zero, i.e., in regions represented by numbers 1, 2, 3, 4, 5, 6 and 7 in Figure 7.
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5. Configurations
of the curves ∆ and
B2 at a P3(c)-point.
3
2
1
5
4
a
b
cP = 0
cS = 0
3/4
-1/6
1/24
-1/4
2/3
21 3
654
6
Figure
6. Configurations
of the curves ∆ and
S2 at a P3(c)-point.
CR-INVARIANTS FOR SURFACES IN 4-SPACE 21
[8] L. Dara, Singularites generiques des equations differentielles multi-forms, Bol. Soc. Bras. Mat. 6
(1975), 95–129.
[9] A. A. Davydov, Qualitative control theory. Translations of Mathematical Monographs 142, AMS,
Providence, RI, 1994.
[10] J. L. Deolindo-Silva and Y. Kabata, Projective classification of jets of surfaces in 4-space. Sub-
mited, (2016). arXiv:1601.06255.
[11] R. A. Garcia, D. K. H. Mochida, M. C. Romero-Fuster and M. A. S. Ruas, Inflection points and
topology of surfaces in 4-space. Trans. Amer. Math. Soc. 352 (2000), 3029–3043.
[12] C. G. Gibson, Singular points of smooth mappings. Pitman Research Notes in Mathematics, vol.
25 (1979).
[13] C. G. Gibson, C. A. Hobbs and W. L. Marar, On versal unfoldings of singularities for general
two-dimensional spatial motions. Acta Applicandae Mathematicae. 47 (1997), 221–242.
[14] C. A. Hobbs and N. P. Kirk, On the classification and bifurcation of multi-germs of maps from
surfaces to 3-space, Math. Scand. 89 (2001), 57–96.
[15] J. A. Little, On the singularities of submanifolds of heigher dimensional Euclidean space. Annli
Mat. Pura et Appl. (4A) 83 (1969), 261–336.
[16] D. K. H. Mochida, M. C. Romero-Fuster and M. A. S. Ruas, The geometry of surfaces in 4-space
from a contact viewpoint. Geometriae Dedicata 54 (1995), 323–332.
[17] D. M. Q. Mond, On the classification of germs of maps from R2 to R3. Proc. London Math. Soc.
50 (1985), 333–369.
[18] J. J. Nun˜o-Ballesteros and F. Tari, Surfaces in R4 and their projections to 3-spaces. Roy. Proc.
Edinburgh Math. Soc. 137A (2007), 1313–1328.
[19] J. Oliver, On the characteristic curves on a smooth surface. J. London Math. Soc. 83 (3) (2011),
755–767.
[20] R. Oset-Sinha and F. Tari, Projections of surfaces in R4 to R3 and the geometry of their singular
images. Rev. Mat. Iberoam. 31 (1) (2015), 33–50.
[21] O. A. Platonova, Singularities of the mutual disposition of a surface and a line, Uspekhi Mat.
Nauk, 36 (1) (1981), 221–222.
3
2
1
5
4
a
b
cP = 0
cF = 0
3/4
-1/6
2/3
21 3
6
-1/6
7
654 7
Figure
7. Configurations
of the curve ∆ and of
the flecnodal curve at
a P3(c)-point.
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